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Abstract The completely analytic energy gradients are

derived and implemented for the two-body fragment

molecular orbital (FMO2) method combined with the model

core potentials (MCP) and effective fragment potentials

(EFP). The many-body terms in EFP require solving cou-

pled-perturbed Hartree-Fock equations, which are derived

and implemented. The molecular dynamics (MD) simula-

tions are performed using the FMO2/MCP method for the

capped alanine decamer and with the FMO2/EFP method for

the zwitterionic conformer of glycine tetramer immersed in

the water layer of 6.0 Å (135 water molecules). The results of

the MD simulations using the FMO2/EFP and FMO2/MCP

gradients show that the total energy is conserved at the time

steps less than 1 fs.

Keywords FMO � EFP � MCP � MD � FMO/EFP � FMO/

MCP � Polypeptide � Zwitterion � NVT � Nose-Hoover �
Large molecule � Protein � Solvent � QM/MM � Relativistic

effect � Analytic gradient � SCZV

1 Introduction

Molecular dynamics (MD) of large systems such as proteins

and DNA has become a widely used tool [1–7]. Ab initio MD

[8, 9] is applicable to chemical reactions, but it is challenging

for biological molecules, because the computational cost of

ab initio methods scales at least as N3 (N: system size) for a

single step in MD. The reduction of scaling is a major

problem in computational chemistry. For this purpose, a

variety of quantum-mechanical methods has been developed

based on fragmentation of large systems [10–25], whose

relation has been introduced by Nagata et al. [26] and dis-

cussed in more detail in the recent review [27].

The fragment molecular orbital (FMO) method [28–31]

is one such approach; it closely reproduces conventional

ab initio properties while showing a nearly linear scaling.

FMO has been extended to various kinds of wave functions,

and its accuracy has been verified by comparing the FMO

and conventional ab initio properties for Møller-Plesset

perturbation theory (MP) [32–34], coupled cluster [35],

density functional theory (DFT) [36, 37], multiconfigura-

tional self-consistent field [38], configuration interaction

[39, 40], time-dependent DFT [41–43], and open shell

methods [44]. Continuum solvation models [45] can also be

used with FMO [46–48].

The analytic energy gradient (the first derivative with

respect to a nuclear coordinate) originally developed by

Kitaura et al. [49] neglected the terms arising from the

electrostatic potentials (ESP) coupled to the fragment

electron densities, which can be shown to be related to the

occupied-virtual orbital response terms, obtained by solv-

ing the coupled-perturbed Hartree-Fock (CPHF) equations

of the entire system. Recently, Nagata et al. have formu-

lated the CPHF equations necessary to obtain these terms

in gas phase two-body FMO (FMO2) both at the restricted
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Hartree-Fock (RHF) [26] and MP2 levels [50]. Their self-

consistent Z-vector (SCZV) method [26] adds only a frac-

tion to the total cost because it is successfully formulated for

the CPHF equations of fragments, avoiding CPHF for the

entire systems, although these fragment CPHF equations

are coupled and require a self-consistent solution. It has

been found that the response contribution due to the elec-

trostatic potentials to the energy gradient is significant for

polarizable systems and large basis sets. Using SCZV, the

FMO2 energy gradients in gas phase are completely ana-

lytic, which ensures that MD simulations can be carried out

without the accumulation of errors as the time evolves.

Komeiji et al. have implemented FMO/MD using the

original incomplete energy gradient and shown that the loss

of the energy conservation can take place [51]. In the

following years, Komeiji et al. have suggested a number of

improvements for FMO/MD [52–54], reviewed in 2009

[55]; Ishimoto et al. have developed alternative formula-

tions [56, 57] and Fujita et al. have proposed path integral

FMO/MD [58] and FMO/MD with periodic boundary

conditions [59]. FMO/MD has been applied to a large

number of systems, so far limited to small solute molecules

in water, including the sampling of configurations for a

consequent excited state calculations [60] and chemical

reactions [61–64]. Recently, an important missing term in

the gradient has been identified and implemented by

Nagata et al. [65], which appears across the covalent bonds

connecting fragments in proteins and other systems.

One well-established and efficient way to treat solvent

explicitly is given by the effective fragment potential (EFP)

method, which is derived from ab initio calculations [66,

67]. EFP can be thought of as a new generation of force

fields in molecular mechanics (MM), which explicitly

considers the Coulomb interaction and the polarization

interaction of the solvent molecules represented in the

Stone’s multipole expansion and induced dipoles [68],

respectively, while quantum-mechanical effects such as

the electron exchange-repulsion and charge transfer are

incorporated via effective one-electron operators, whose

parameters are fitted to molecular orbital (MO) calcula-

tions. The first implementation of EFP using fitted

parameters is denoted by EFP1 [66], which is typically

used for water. Another version of EFP for the treatment of

the electron-exchange and the charge-transfer contribu-

tions, which can consider any solvent, is denoted by EFP2

[69–72]. Development and applications of EFP are quite

extensive [73–78]. Nagata et al. [79, 80] have interfaced

FMO with EFP (FMO/EFP1) for the energy and an

incomplete analytic gradient. In the application of FMO2/

EFP1 to hydrated chignolin [81], the first structure in the

experimental nuclear magnetic resonance (NMR) set of

measured data showed the 0.819 Å root mean square

deviation to the FMO optimized structure [80].

The model core potential (MCP) [82–84] is an extension

to the effective core potentials [85, 86] with the proper

consideration of the nodal structure of valence orbitals.

MCP can be generated for heavy atoms using high level

relativistic calculations [87]. A combined FMO and MCP

method (FMO/MCP) has been developed by Ishikawa

et al. and applied to hydrated Hg2? and the Pt-containing

cisplatin-DNA complex [88].

In this study, we develop completely analytic FMO2/

EFP1 and FMO2/MCP gradients, of which the former

presents particular difficulties because of its treatment of

the many-body polarization. Secondly, we demonstrate the

quality of the developed gradients by performing FMO/MD

simulations for covalently connected fragments and thus

extend the applicability of FMO/MD, previously limited

mainly to molecular clusters.

2 Mathematical formulation

2.1 Energy gradient expression

FMO2 calculations [28, 31, 89] proceed as follows. At the

first stage, individual fragment (=monomer) calculations are

done using ab initio QM methods in the presence of the

electrostatic potentials due to the remaining fragments.

Because the monomer electron densities are mutually

polarized via the electrostatic potentials, the calculations are

repeated self-consistently. The procedure for determining the

monomer densities and the electrostatic potentials at the

monomer stage is referred to as the self-consistent charge

(SCC). After convergence, dimers (=pairs of fragments) are

calculated in the presence of the electrostatic potentials due to

the monomer densities, which are frozen at this point. Finally,

thus obtained monomer and dimer energies are summed up

giving the total energy.

We briefly summarize the FMO2 energy expression [28,

30, 31, 90] and the corresponding gradient. The FMO2

total energy is given by

E ¼
XN

I

E0I þ
XN

I [ J

ðE0IJ � E0I � E0JÞ þ
XN

I [ J

TrðDDIJVIJÞ; ð1Þ

where EX

0
is the internal fragment energy of fragment

X (X = I or IJ, for monomers and dimers, respectively).

VIJ is the matrix of the electrostatic potential (ESP) for

dimer IJ due to the electron densities and nuclei of the

remaining fragments, i.e.,

VIJ
lm ¼

XN

K 6¼IJ

uK
lm þ vK

lm

� �
: ð2Þ

The one-electron and two-electron integrals in Vlm
IJ are,

respectively,
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uK
lm ¼

X

A2K

l
�ZA

r� RAj j

����

����m
� �

; ð3Þ

vK
lm ¼

X

kr2K

DK
kr lmjkrð Þ; ð4Þ

where Dkr
K is the density matrix element of fragment K and

(lm|kr) is the two-electron integral in the AO basis. The

dimer density matrix difference DDIJ in Eq. 1 is defined by

DDIJ ¼ DIJ � ðDI � DJÞ: ð5Þ

The internal fragment energy EX

0
in Eq. 1 has the following

form:

E0X ¼
X

lm2X

DX
lmh

X
lm þ

1

2

X

lmkr2X

DX
lmD

X
kr �

1

2
DX

lkDX
mr

� �
lmjkrð Þ

þ
X

lm2X

DX
lmP

X
lm þ ENR

X ; ð6Þ

where hlm
X is the X-mer one-electron Hamiltonian, Plm

X is the

hybrid orbital projection matrix [65], and EX
NR is the

nuclear repulsion energy of X. In this study, the Roman

induces ijkl and Greek induces lmkr denote the MO inte-

grals and AO integrals, respectively.

The differentiation of EX

0
with respect to a nuclear

coordinate a leads to

oE0X
oa
¼
X

lm2X

DX
lm

ohX
lm

oa
þ 1

2

X

lmkr2X

DX
lmD

X
kr �

1

2
DX

lkDX
mr

� �

� o lmjkrð Þ
oa

þ
X

lm2X

DX
lm

oPX
lm

oa

� 2
Xocc

i;j2X

Sa;X
ji F0Xji � U

a;X;X þ oENR
X

oa
; ð7Þ

where the internal fragment Fock matrix element F0Xij is

given in terms of MOs:

F0Xij ¼ hX
ij þ

Xocc

k2X

2ðijjkkÞ � ðikjjkÞ½ � þ PX
ij ; ð8Þ

and the overlap derivative is defined by

Sa;X
ij ¼

X

lm2X

CX�
li

oSX
lm

oa
CX

mj: ð9Þ

The response term in Eq. 7 is defined as [91]

U
a;X;Y ¼ 4

Xocc

i2X

Xvir

r2X

Ua;X
ri VY

ri ; ð10Þ

where the MO coefficient derivative is

oCX
li

oa
¼
Xoccþvir

m2X

Ua;X
mi CX

lm; ð11Þ

Umi
a,X is the orbital response of fragment X.

The differentiation of the ESP energy contribution in

Eq. 1 with respect to a nuclear coordinate a leads to

o

oa
TrðDDIJVIJÞ ¼

X

lm2IJ

DDIJ
lm

XN

K 6¼IJ

ouK
lm

oa
þ
X

kr2K

DK
kr

o lmjkrð Þ
oa

" #

� 2
X

lm2IJ

WIJ
lm

oSIJ
lm

oa
þ 2
X

lm2I

WI
lm

oSI
lm

oa

þ 2
X

lm2J

WJ
lm

oSJ
lm

oa
� 2

XN

K 6¼IJ

X

lm2K

DXKðIJÞ
lm Sa;K

lm

þU
a;IJ;IJ �U

a;I;IJ �U
a;J;IJ

þ 4
XN

K 6¼IJ

X

lm2IJ

Xvir

r2K

Xocc

i2K

Ua;K
ri DDIJ

lm lmjrið Þ;

ð12Þ

where

WX
lm ¼

1

4

X

kr2X

DX
lkVIJ

krDX
rm; ð13Þ

and

DXKðIJÞ
lm ¼ 1

4

X

kr2K

DK
lk

X

fg2IJ

DDIJ
fg fgjkrð Þ

" #
DK

rm: ð14Þ

Collecting the response terms in Eqs. 7 and 12, the total

contribution of response terms to the energy gradient can

be given by the sum of U
a

and <a, where

U
a ¼ �

XN

I

U
a;I;I �

XN

I [ J

U
a;IJ;IJ � U

a;I;I � U
a;J;J

� �

þ
XN

I [ J

U
a;IJ;IJ � U

a;I;IJ � U
a;J;IJ

� �
;

ð15Þ

and

<a ¼ 4
XN

K

XN

ðI [ JÞ6¼K

X

lm2IJ

Xvir

r2K

Xocc

i2K

Ua;K
ri DDIJ

lmðlmjriÞ: ð16Þ

Note that U
a

cancels out unless some but not all ESP are

computed with approximations (e.g., point charges) [26]. In

this study, we do not employ them and use only the elec-

trostatic dimer (ES-DIM) approximation, thereby one

should compute just the <a term.

One purpose of this study is to derive the completely

analytic energy gradient for the FMO2/EFP1 method and

the FMO2/MCP method by considering the response con-

tributions, Eq. 16. The FMO/EFP1 gradient has already

been derived without the response contribution in Ref.

[80]. To obtain the analytic FMO2/MCP gradient, one has

to add the MCP derivative terms and the response terms.

Since the fragment energies are variationally determined

with those effective potentials in the fragment
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Hamiltonians, there are no direct contributions to Eq. 16

for those methods. The additional contributions should

appear only in the coupled-perturbed Hartree-Fock (CPHF)

equations. We should note that Eq. 16 arises because the

monomer densities are fixed in the dimer calculations.

2.2 CPHF equations for the FMO gradient

The FMO energy gradient expression is given in the pre-

vious subsection. Here, the set of CPHF equations is

introduced for obtaining the orbital response contributions,

Eq. 16. In the dimer RHF calculations, the dimer densities

are computed without mutual self-consistency to monomer

densities. Therefore, the response contribution, Eq. 16,

emerges in the FMO energy gradient, and only the mono-

mer responses Uri
a,K contribute to the gradient.

The CPHF equations in FMO are given by [26]

AUa ¼ Ba
0; ð17Þ

where the fragment diagonal block of matrix A and the

corresponding fragment off-diagonal block are,

respectively,

AI;I
ij;kl ¼ dikdjl �

I
j � �I

i

� �
� 4ðijjklÞ � ðikjjlÞ � ðiljjkÞ½ �; ð18Þ

and

AI;K
ij;kl ¼ �4ðijjklÞ: ð19Þ

Note that Eq. 17 has the dimension of the entire molecular

system. In Eqs. 18 and 19, the former corresponds to the

orbital Hessian of the target fragment I and the latter comes

from the ESP acting upon I. The ij 2 I element of the

derivative integrals B0
a is

Ba;I
0;ij ¼ Fa;I

ij � Sa;I
ij �

I
j �
Xocc

kl2I

Sa;I
kl ½2ðijjklÞ � ðikjjlÞ�

�
X

K 6¼I

Xocc

kl2K

2Sa;K
kl ðijjklÞ: ð20Þ

where the Fock matrix derivative Fa;I
ij ¼ F0a;Iij þ Va;I

ij

includes the derivative of the electrostatic potential in the

MO basis Vij
a,I (more detailed definitions can be found in

[26]). The computation of B0
a is straightforward [26]. We

should note that the set of CPHF equations, Eq. 17, is

derived from the perturbation of monomer RHF equations.

Substitution of Eq. 17 into the response contribution <a

yields

<a ¼
XN

K

Xvir

r2K

Xocc

i2K

Ua;K
ri LK

ri

¼ LT Ua ¼ LTA�1Ba
0 ¼ ZT Ba

0

ð21Þ

where the Lagrangian is defined by

LK
ri ¼ 4

XN

ðI [ JÞ6¼K

X

lm2IJ

DDIJ
lm lmjrið Þ; ð22Þ

and the corresponding Z-vector equations with the

dimension of the entire system should be solved:

AZ ¼ L: ð23Þ

In practice, Eq. 23 is solved by the SCZV procedure [26].

Next, the contributions due to the effective potentials are

derived to be added into Eqs. 20, 18, and 19.

2.3 Effective potentials

This section considers the model core potential and the

effective fragment potential (EFP1 is used throughout in

this study). These effective potentials can be added into the

Hamiltonian of fragment X. The particle treatment of some

core electrons is replaced by MCP, and Nv represents the

number of explicitly treated valence electrons. The FMO

Hamiltonian of fragment X [89] is replaced by the corre-

sponding MCP Hamiltonian [88] as follows:

bHMCP;X¼
XNv

i2X

bheff;X
i þ bhMCP;X

i þ bV eff;XðriÞþ
XNv

jð2XÞ\i

1

ri�rj

�� ��

2

4

3

5

þENR;eff
X ;

ð24Þ

where the effective one-electron Hamiltonian of fragment

X, the one-electron potential inherent in MCP, and the

effective nuclear repulsion energy are, respectively,

bheff;X
i ¼ � 1

2
r2

i �
X

L2X

Zeff
L

ri � RLj j ð25Þ

bhMCP;X
i ¼ �

X

L2X

Zeff
L

ri � RLj j
XnL;a

k

AL;kexpð�aL;k ri � RLj j2Þ
"

þ ri � RLj j
XnL;a

k

BL;kexpð�bL;k ri � RLj j2Þ
#

þ
X

L2X

XNL;c

c

BL;c wL;c

�� 	
wL;c


 �� ð26Þ

ENR;eff
X ¼

X

B2X

X

Að2XÞ[ B

Zeff
A Zeff

B

RAB
; ð27Þ

and bV eff;X
i ðriÞ corresponds to the electrostatic potential in

Eq. 2 in which the nuclear charge ZA is replaced by the

effective nuclear charge, ZA
eff = ZA - NA,c and NA,c is the

number of core electrons on atom A. L runs over atoms.

The parameters AL,k, aL,k, BL,k, and bL,k are fitted from all-

electron calculations when MCP is generated. The last term

on the right hand side of Eq. 26 is the projection operator

that shifts the core orbitals jwL;ci:
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In the EFP method, the effective potential for electron i

is composed of the Coulomb, polarization, and the

remainder (the electron exchange-repulsion and charge

transfer) terms:

bV EFP;X
i ¼ bV coul;X

i þ bV pol;X
i þ bV rem;X

i : ð28Þ

The Coulomb potential acting on X is represented using the

Stone’s multipole expansion [68]:

bV coul;X
i ¼

XNCoul

C

 
� qC

riC
�
Xx;y;z

a

lC
a
bFaðriCÞ �

1

3

Xx;y;z

ab

HC
ab
bF 0abðriCÞ

� 1

15

Xx;y;z

abc

XC
abc
bF 00abcðriCÞ � � �

!
; ð29Þ

where index C runs over the NCoul expansion points of the

whole solvent system (usually atoms and bond midpoints),

and riC ¼ jri �RCj is the distance between electron in X and

point C. la
C, HC

ab and XC
abc are the dipole, quadrupole, and

octupole moments at C, respectively. bFaðriCÞ ¼ �ða� aCÞ=
r3

iC;
bF 0abðriCÞ; and bF 00abcðriCÞ give the electric field due to

the QM charge, the field gradient, and the field second

derivative operators, respectively. To improve the point

multipole model accounting for the overlapping electron

densities, the first term on the right hand side of Eq. 29 can

be replaced by

� qC

riC
! ð1� bC exp½�aCr2

iC�Þ �
qC

riC

� �
; ð30Þ

where aC and bC are fitted parameters [66].

The remainder potential for electron i due to EFP

fragments is a one-electron operator,

bV rem;X
i ¼

XNrem

m

bV ðm; iÞ; ð31Þ

where m runs over the EFP remainder expansion points,

and Nrem is the total number of them. For water acting as

solvent, the ab initio electron exchange-repulsion plus

charge-transfer contributions are fitted to Gaussian func-

tions of bV remðm; iÞ for water dimer [92].

The effective potentials have one-body terms, whose

gradients are derived below. The polarization (induced

dipole) potential contribution bV pol;X
i in the EFP method

needs a different treatment as a many-body contribution,

introduced separately.

2.4 One-body terms

As mentioned above, the FMO/EFP1 gradient except the

response contribution has been derived [80] and the FMO/

MCP derivative contributions are straightforward to derive

and implement. However, for these methods, an additional

contribution should be introduced through the CPHF

equations. Because they are derived from the HF equations,

this subsection considers the contribution of a one-body

potential to the Fock matrix.

Generally, an effective potential bO1 in the one-electron

operator form combined with the electron density Dlm
X gives

rise to the following contribution to the total energy:

OXðDXÞ ¼
X

lm2X

DX
lm lh j bO1 mj i: ð32Þ

In FMO, the CPHF equations are obtained from monomer

HF equations [26], thereby the contribution to the

monomer Fock matrix in the MO basis is given by

OI
ij ¼ ih j bO1 jj i: ð33Þ

The differentiation of Oij
I with respect to a nuclear

coordinate a yields

oOI
ij

oa
¼
Xoccþvir

m2I

Ua;I
mi mh j bO1 jj i þ Ua;I

mj ih j bO1 mj i
� �

þ
X

lm2X

CI�
li C

I
mj

o lh j bO1 mj i
oa

: ð34Þ

The corresponding derivative terms contribute to the

gradient directly (e.g., via the one-electron contribution to

the Lagrangian and the AO-based integral derivatives

similarly to the standard ab initio gradients; we do not

repeat these well known formulas, see Ref. [93]). Here, we

only concentrate on the modifications of the CPHF-related

terms.

The first parenthesized term on the right hand side of

Eq. 34 becomes a part of the Fock matrix element, leading

to the orbital energies �I
j � �I

i in Eq. 18, the second term is

added into Fij
a,I in Eq. 20, and its computation is straight-

forward unless bO1 contains the electron density. The MCP

potential bO1 ¼ bhMCP;X
1 ; the Coulomb potential bO1 ¼

bV coul;X
1 ; and the electron-exchange plus charge-transfer

potential bO1 ¼ bV rem;X
1 in EFP1 have this form (see Eqs. 26,

29–31), which is straightforward to implement. The many-

body contribution contains the electron density in the

operator, which is discussed in the following section.

2.5 Many-body terms

The addition of the many-body contributions to the

response term in the CPHF equations is much more com-

plicated than the one-body potentials to the Fock operator,

because they usually contain the product of the electron

densities.

The total EFP polarization energy contribution in the

FMO2/EFP method is given by
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Epol ¼
XN

I

Epol
I þ

XN

I [ J

ðEpol
IJ � Epol

I � Epol
J Þ þ Epol;efp; ð35Þ

where the X-mer polarization energy contribution EX
pol and

the EFP-EFP polarization energy Epol,efp are, respectively,

Epol
X ¼ �

1

2
EX
� �T

pX � Epol;efp ¼ � 1

2
pX
� �T

EX � Epol;efp

¼ � 1

2
EX
� �T

N�1EX � Epol;efp; ð36Þ

Epol;efp ¼ � 1

2
Eefp
� �T

pefp ¼ � 1

2
Eefp
� �T

N�1Eefp: ð37Þ

Equations 36 and 37 are defined in Ref. [80]. The

superscript T stands for the transpose. The electrostatic

field vector EX and the induced dipole vector pX are,

respectively,

EX ¼ EX;elðDXÞ þ EX;nuc þ Eefp; ð38Þ

pX ¼ N�1EX : ð39Þ

These vectors consist of 3Npol elements, where Npol is the

number of the polarizability points. In the case of a water

molecule, the centroids of two OH bond orbitals and two

lone-pair orbitals are chosen as the polarizability points.

EX,nuc and Eefp are the electrostatic fields due to a nuclei of

X and the remaining EFPs. The ii diagonal block matrix of

N (i is a polarizability point) is defined by

Nii ¼
ai;xx ai;xy ai;xz

ai;yx ai;yy ai;yz

ai;zx ai;zy ai;zz

0

@

1

A
�1

; ð40Þ

Nij ¼ 0 for polarizability points i and j belonging to the

same molecule. For different EFP molecules,

Nij ¼ �

1
r3

ij

� 3xijxij

r5
ij

� 3xijyij

r5
ij

� 3xijzij

r5
ij

� 3yijxij

r5
ij

1
r3

ij

� 3yijyij

r5
ij

� 3yijzij

r5
ij

� 3zijxij

r5
ij

� 3zijyij

r5
ij

1
r3

ij

� 3zijzij

r5
ij

0

BBB@

1

CCCA; ð41Þ

where the differences of the coordinates are defined by

xij = (xi - xj), yij = (yi - yj), zij = (zi - zj) and rij is the

distance between polarizability points i and j.

Equation 40 represents the inverse of the polarizability

tensor at a polarizability point i. The electronic contribu-

tion in Eq. 38 is described by

EX;elðDXÞ ¼
X

lm2X

DX
lm lh jbEX;el mj i; ð42Þ

where bEX;el is the electrostatic field operator.

The EFP polarization contribution to the MO Fock

matrix of monomer fragment I has a somewhat different

form from the polarization energy EI
pol because of its many-

body feature:

WI
ij ¼ ih j bV pol;I

1 jj i; ð43Þ

where

bV pol;I
1 ¼ � 1

2
ðpI þ epIÞT bEI;el ð44Þ

epI ¼ N�1

 �T

EI : ð45Þ

Wij
I can be easily derived from the variation of Epol

I ¼
� 1

2
½EI �TN�1EI � Epol;efp with respect to the MO coeffi-

cients, and this expression is common both in QM/EFP

(index I is not used) and FMO/EFP (for fragment I),

because the variation of the EFP polarization contribution

Epol,efp is zero. Note that the induced dipoles in Eqs. 39 and

45 depend on the electron density DX through the electric

field EX, thus the operators in Eq. 43 are fundamentally

different from that in Eq. 33.

The polarization contribution to the derivatives of the

MO Fock matrix elements in the CPHF equations is

obtained by the differentiation of Wij
I with respect to a

nuclear coordinate a:

oWI
ij

oa
¼ � 1

2
ðpI þ epIÞT

"
Xoccþvir

m2I

Ua;I
mi mh jbEI;el jj i þ Ua;I

mj ih jbEI;el mj i
� �

þ
X

lm2I

CI�
li C

I
mj

o lh jbEI;el mj i
oa

#
� 1

2

o pI þ epIð ÞT

oa
ih jbEI;el jj i:

ð46Þ

Similarly to the one-body contributions (see Eq. 34 and its

discussion below), these terms contribute to the gradient

directly (for EFP, one can also see [80]), in addition to the

CPHF terms. Below, we focus exclusively on the latter. In

Eq. 46, the orbital response contributions are absorbed as a

part of MO Fock matrix in the CPHF equation, leading to

�I
j � �I

i and the second term describes the atomic orbital

(AO) derivative terms and the Hellman-Feynman term,

corresponding to the contribution to the Fock derivative

term, Fij
a,I. Their implementation is straightforward.

The last term on the right hand side of Eq. 46 can be

further transformed as follows:

� 1

2

o pI þ epIð ÞT

oa
ih jbEI;el jj i

¼ � 1

2

 
oN�1

oa
EI þ N�1 oEI

oa
þ

o N�1

 �T

oa
EI

þ N�1

 �ToEI

oa

!T

ih jbEI;el jj i

¼ � 1

2

�
� pI

 �ToNT

oa
N�1

 �Tþ

o EI

 �T

oa
N�1

 �T

� epI

 �ToN

oa
N�1 þ

o EI

 �T

oa
N�1

�
ih jbEI;el jj i; ð47Þ
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where the relation

oN�1

oa
¼ �N�1 oN

oa
N�1; ð48Þ

is used. The substitution of Eq. 47 into Eq. 46 leads to

oWI
ij

oa
¼ � 1

2
ðpI þ epIÞT

"
Xoccþvir

m2I



Ua;I

mi mh jbEI;el jj i

þ Ua;I
mj ih jbEI;el mj i

�
þ
X

lm2I

CI�
li C

I
mj

o lh jbEI;el mj i
oa

#

þ 1

2

�
pI

 �ToNT

oa
N�1

 �T�

o EI

 �T

oa
N�1

 �T

þ epI

 �ToN

oa
N�1 �

o EI

 �T

oa
N�1

�
ih jbEI;el jj i

¼ � 1

2
ðpI þ epIÞT

� Xoccþvir

m2I

�
Ua;I

mi mh jbEI;el jj i

þ Ua;I
mj ih jbEI;el mj i

�
þ
X

lm2X

CI�
li C

I
mj

o lh jbEI;el mj i
oa

�

� 1

2

o EI

 �T

oa
pI;ij þ epI;ij

 �

þ 1

2
epI;ij

 �ToN

oa
pI þ epI


 �ToN
oa

pI;ij

� �
; ð49Þ

where

pI;ij ¼ N�1 ih jbEI;el jj i ð50Þ

epI;ij ¼ N�1

 �T

ih jbEI;el jj i: ð51Þ

In the second half of Eq. 49, the EI,el(DI) derivative term

extracted from the second term leads to

� 1

2

o EI;elðDIÞ
� �T

oa
pI;ij þ epI;ij

 �

¼ � 1

2

"
Xocc

l2I

Xoccþvir

m2I

2 Ua;I
ml mh jbEI;el lj i þ Ua;I

ml lh jbEI;el mj i
� �

þ
X

lm2I

DI
lm

o lh jbEI;el mj i
oa

#T

pI;ij þ epI;ij

 �

¼ � 1

2

Xocc

l2I

Xvir

k2I

4Ua;I
kl kh jbEI;el lj i
� �T

pI;ij þ epI;ij

 �

� 1

2

Xocc

kl2I

�2Sa;I
kl


 �
kh jbEI;el lj i

� �T

pI;ij þ epI;ij

 �

� 1

2

X

lm2X

DI
lm

o lh jbEI;el mj i
oa

" #T

pI;ij þ epI;ij

 �

: ð52Þ

Substitution of Eq. 52 into Eq. 49 yields

oWI
ij

oa
¼ � 1

2
ðpI þ epIÞT

"
Xoccþvir

m2I

�
Ua;I

mi mh jbEI;el jj i

þ Ua;I
mj ih jbEI;el mj i

�
þ
X

lm2I

CI�
li C

I
mj

o lh jbEI;el mj i
oa

#

� 2
Xocc

l2I

Xvir

k2I

Ua;I
kl kh jbEI;el lj i
� �T

pI;ij þ epI;ij

 �

þ
Xocc

kl2I

Sa;I
kl kh jbEI;el lj i
� �T

pI;ij þ epI;ij

 �

� 1

2

X

lm2X

DI
lm

o lh jbEI;el mj i
oa

þ
o EI;nuc þ Eefp
� �

oa

 !T

� pI;ij þ epI;ij

 �

þ 1

2
epI;ij

 �ToN

oa
pI þ epI


 �ToN
oa

pI;ij

� �
: ð53Þ

The terms in Eq. 53 can be classified into the contributions

to B0,ij
a,I and Fij

a,I:

Ba;I;pol
0;ij ¼

Xocc

kl2I

Sa;I
kl kh jbEI;el lj i
� �T

pI;ij þ epI;ij

 �

� 1

2

X

lm2I

DI
lm

o lh jbEI;el mj i
oa

 !T

pI;ij þ epI;ij

 �

� 1

2

o EI;nuc þ Eefp
� �T

oa
pI;ij þ epI;ij

 �

þ 1

2
epI;ij

 �ToN

oa
pI þ epI


 �ToN
oa

pI;ij

� �
; ð54Þ

F
a;I;pol
ij ¼ � 1

2
ðpI þ epIÞT

X

lm2X

CI�
li C

I
mj

o lh jbEI;el mj i
oa

; ð55Þ

and the contribution to the matrix A:

AI;I;pol
ij;kl ¼ 2 kh jbEI;el lj i

� �T

pI;ij þ epI;ij

 �

¼ 2 pI;kl þ epI;kl

 �T

ih jbEI;el jj i: ð56Þ

Note that the sign of the first term in Eq. 56 is opposite in

the above contribution to the A matrix compared to the

correction term in Eq. 53.

Practically, the product of Aij,kl
I,I,pol and the Z-vector Zkl

I is

computed in the SCZV procedure (also see Eq. 23) [26]:

Xvir

k2I

Xocc

l2I

AI;I;pol
ij;kl ZI

kl¼2
Xvir

k2I

Xocc

l2I

pI;klþepI;kl

 �T

ih jbEI;el jj iZI
kl

¼2
Xvir

k2I

Xocc

l2I

N�1þ N�1
� �Tn o

kh jbEI;el lj i
� �T

� ih jbEI;el jj iZI
kl

Theor Chem Acc (2012) 131:1136 Page 7 of 15

123



¼2 N�1þ N�1
� �Tn o

EI;elðZIÞ
� �T

ih jbEI;el jj i

¼2 pI;ZI þepI;ZI
� �T

ih jbEI;el jj i; ð57Þ

where the following definitions

EI;elðZIÞ ¼
X

lm2I

lh jbEI;el mj iZI
lm ð58Þ

Z
I
lm ¼

Xvir

k2I

Xocc

l2I

CI�
lkZI

klC
I
ml þ CI�

mkZI
klC

I
ll

2
; ð59Þ

are used for the derivation of Eq. 57. The induced dipoles

due to the symmetrized Z-vector, pI;ZI

and epI;ZI

should be

solved by the following equations on each SCZV iteration

(because of the Z
I

dependence)

NpI;ZI ¼ EI;elðZIÞ ð60Þ

NTepI;ZI ¼ EI;elðZIÞ: ð61Þ

The SCZV equations considering the effective potentials

explicitly do not introduce a considerable extra cost. The

calculation of the induced dipoles due to the Z-vector in

Eqs. 60 and 61 corresponds to that of the induced dipoles

due to the density matrix in the SCC calculation [80].

3 Computational details

The developed FMO2/EFP1 and FMO2/MCP gradients

were implemented into GAMESS [94, 95]. To verify that

the analytic FMO2/EFP1 and FMO2/MCP energy gradi-

ents are complete, short MD simulations of 50 fs were

performed with the NVE ensemble. The accuracy of

FMO2/MD based on the analytic gradient is investigated.

The zwitterionic form of glycine tetramer is computed in

gas phase and immersed in a water layer of 6.0 Å (135

water molecules) using VEGA [96]; alanine dacamer

capped with acetyl and –NHCH3 groups, (ALA)10, is

computed in gas phase. For all polypeptide molecules, the

one residue per fragment partition is employed.

To determine the initial structure for the demonstrative

short MD simulation, the geometry optimization [97] was

performed for the trans-structure of hydrated tetraglycine

at the FMO2-RHF/EFP1/cc-pVDZ level. The same opti-

mization calculation was carried out at the conventional

MO-RHF/EFP1/cc-pVDZ level as well. A solute part of

the optimized structures were used for the respective

short MD simulations in gas phase. Using the optimized

structure of hydrated tetraglycine, the FMO2/EFP1 MD

simulation proceeded at the same level with the time step

of 0.2 fs in the NVT ensemble at 315 K (using Nose-

Hoover thermostats [98]) until the temperature is stable,

followed by the further MD simulation of 593 fs under

the same conditions. The relaxed structure (Fig. 1a) from

this MD simulation was used in the consequent shorter

FMO2/EFP1 MD simulations. One can see from Fig. 1a

that the EFP water molecules are still bound with each

other and charged groups of the solute after the MD

simulation. These structures were used for the short MD

simulations in the conventional MO method and the

FMO2/EFP1 method with the incomplete gradients for

comparison. All MD simulations, whose results are

compared to each other, always had the same initial

structure and atomic velocities.

For (ALA)10, the core 1s electrons of C, N, and O were

treated with MCP. In the covalent bond detachment in

FMO [89], the bond detached atom in each detached bond

is put into two fragments (redundantly) and MCPs were

used only in the main fragment containing this bond

detached atom, while the other fragment, where this atom

is only used to describe the detached bond, did not have the

MCP on this atom. To obtain the initial structure for the

MD simulation, the geometry was optimized at the FMO2-

RHF/MCP level with the MCP-DZP basis set (see Fig. 1b)

[83]. This is also used as the initial geometry of the MD

simulation with the incomplete FMO2/MCP gradients. We

should note that the MD simulations with the correspond-

ing conventional MO gradients (using the geometry opti-

mized at the corresponding level) and the incomplete

FMO2 gradients were executed for comparison.

For all the FMO calculations, the electrostatic dimer

(ES-DIM) approximation was applied with the default

value, LES-DIM = 2.0 and the other electrostatic approxi-

mations are switched off [90, 91]. In the ES-DIM

approximation, only the response term of Eq. 16 can be

considered [26]. There are two types of EFP1 parameter

sets for the electron-exchange plus charge-transfer poten-

tial: one is the RHF parameter set and another is the DFT

parameter set [99]. This study used the former throughout

[92]. The velocity-Verlet algorithm was used for time

integration throughout. All gradients developed in this

work are parallelized with the generalized distributed data

interface (GDDI) [100].

4 Results and discussion

4.1 Gradient accuracy

To verify the accuracy of the analytic FMO2/EFP1 and

FMO2/MCP gradients, we compared them with the corre-

sponding numeric gradients. Numeric FMO2/EFP1-RHF

and FMO2/MCP-RHF energy gradients were computed
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with double differencing and a coordinate step of

0.0005 Å. The initial structures of hydrated tetraglycine

and (ALA)10 for the short MD simulations were used for

the respective gradient calculations.

Table 1 displays the errors of analytic FMO2/MCP

gradients relative to the corresponding numeric gradients

for (ALA)10. The bond detached atoms (BDA) and bond

attached atoms (BAA) at the two ends of detached bonds

form a representative set for the accuracy tests. As shown

in Table 1, all of the deviations are sufficiently small.

Next, the analytic and numeric FMO2/EFP1 gradient

calculations were performed for hydrated tetraglycine with

the geometry obtained after the NVT MD simulation of

593 fs. For the solute, the RMSD between the analytic and

numeric gradients is 8.1 9 10-7 a.u. and the maximum

absolute deviation is 5.9 9 10-6 a.u.

4.2 Zwitterionic tetraglycine

There are some arguments on the structural stability of

peptides in water solvent both empirically and theoretically

[101–105]. It is important to sample the structures and to

check the free energy difference between the zwitterionic

and neutral forms. When a 0 K geometry optimization is

performed, the thermal movement of solvent is not

accounted for, overestimating the hydrogen bonding. Also,

MD sampling is capable of overcoming local minima and

converging toward the global one.

Before discussing the results of the MD simulations, we

first check the energy conservation of zwitterionic tetra-

glycine in gas phase. For systems with the fragmentation

across the covalent bonds such as tetraglycine, the FMO2/

MD simulation using the incomplete gradients does not

Fig. 1 a Structure of

zwitterionic tetraglycine in the

water layer of 6.0 Å relaxed

with the MD simulation in the

NVT ensemble (at 315 K) at the

FMO-RHF/EFP/cc-pVDZ level

and b structure of alanine

decamer (ALA)10 optimized at

the FMO-RHF/MCP/MCP-DZP

level
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conserve the energy [51]. Figure 2a displays a double

logarithmic plot of the root mean square deviation (RMSD)

of the total energies relative to the energy of 10th step

against time step Dt for zwitterionic tetraglycine in gas

phase. For the FMO2/MD simulations with the completely

analytic gradients, the slope of 2.0 indicates that the energy

is sufficiently conserved even at the smaller time step such

as 0.1 fs and the gradient is analytic because the RMSD

value is proportional to Dt2 in the velocity-Velret method

[51]. This tendency is in good agreement with that in the

conventional MO-MD simulations, while the FMO2/MD

simulations with the incomplete gradients give a wrong

description at the shorter time steps. The corresponding

numeric values in Table 2 reinforce these findings. The

results imply that FMO2/MD with the one residue per

fragment partition is sufficiently accurate and shows per-

fect energy conservation. The energy conservation at 0.1 fs

also means that it is possible to pursue the course of

chemical reactions.

The initial structure of tetraglycine in gas phase for the

MD simulations was obtained from the FMO2 geometry

optimization for hydrated tetraglycine. Since the geometry

optimization is done at 0 K, the structure is different from

that determined at 315 K, which is typical for biological

molecules in solution. Thus, the structure is more realistic

when obtained by the MD simulation in the NVT ensem-

ble. This study employed the Nose-Hoover thermostats in

the NVT ensemble [98], and we performed the MD

simulation at 315 K for the hydrated tetraglycine until the

total energy and temperature are stable and a stationary

structure is taken for the short MD simulations of 50 fs for

time steps of 0.1, 0.2, 0.5, and 1.0 fs. Figure 2b displays

that the slopes in the MO- and FMO2-based MD/EFP1

Fig. 2 Double logarithmic plots of the RMSD of the total energies

relative to the energy of the 10th step against time step Dt in the short

MD simulations of 50 fs in the NVE ensemble. Triangle markers are

used for MO-MD, square for FMO/MD with the analytic gradients,

and diamond for FMO/MD with the incompletely analytic gradients

Table 1 Deviations of the analytic and numeric gradients (a.u.) for a

representative set of bond detached atoms (BDA) and bond attached

atoms (BAA) in (ALA)10 at the FMO-RHF/MCP-DZP level

x y z

C1(BDA) -0.000007 0.000000 0.000000

C1(BAA) -0.000004 0.000003 0.000004

C2(BDA) -0.000001 0.000006 0.000007

C2(BAA) 0.000005 -0.000002 0.000008

C3(BDA) 0.000012 0.000005 0.000000

C3(BAA) 0.000000 0.000007 0.000000

C4(BDA) -0.000002 0.000009 -0.000004

C4(BAA) -0.000009 0.000011 -0.000002

C5(BDA) -0.000002 0.000001 0.000007

C5(BAA) -0.000007 0.000004 0.000008

C6(BDA) 0.000007 0.000001 0.000006

C6(BAA) 0.000002 -0.000001 0.000004

C7(BDA) 0.000003 0.000010 -0.000003

C7(BAA) 0.000009 0.000008 -0.000006

C8(BDA) -0.000018 0.000005 0.000000

C8(BAA) -0.000003 0.000002 0.000000

C9(BDA) 0.000003 0.000001 0.000011

C9(BAA) 0.000003 0.000003 0.000002
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simulations are 1.9 and 2.0, showing that accurate long MD

simulations are possible without accumulating the errors

due to the incomplete gradients.

Table 3 shows the time-averaged kinetic energy,

potential energy, and total energy calculated for the

hydrated tetraglycine in the MD simulations of 50 fs for

the time step of 0.1 fs. The FMO2/MD energies are in good

agreement with MO-MD. The FMO2/MD simulation with

the incomplete gradients also give reasonably accurate

energies, because there is little accumulation of errors in

Table 2 Root mean square

deviations of the total energies

relative to the 10th value (in

kcal/mol) in the MD simulations

of 50 fs at several time steps

a Analytic gradient in this work
b Original incomplete gradient

Time step Ab initio MO FMOa FMOb

Zwitterionic tetraglycine in gas phase

0.1 fs 0.0020 0.0026 0.0592

0.2 fs 0.0063 0.0067 0.0667

0.5 fs 0.0352 0.0348 0.0524

1.0 fs 0.2068 0.2055 0.2030

2.0 fs 0.9608 0.9484 0.8769

Zwitterionic tetraglycine in 6.0 Å water layer

0.1 fs 0.0012 0.0015 0.0298

0.2 fs 0.0065 0.0071 0.0319

0.5 fs 0.0384 0.0377 0.0501

1.0 fs 0.1293 0.1294 0.1243

Capped alanine decamer: (ALA)10

0.2 fs 0.0237 0.0239 0.2204

0.5 fs 0.1324 0.1256 0.2944

1.0 fs 0.6642 0.7295 0.9633

Table 3 Time-Averages and

RMSDs of the kinetic energy,

potential energy, total energy

(in kcal/mol) and temperature

(in K)

a Analytic gradient in this work
b Original incomplete gradient

Kinetic energy Potential energy Total energy Temperature

Hydrated tetraglycine at time step of 0.1 fs in the NVE ensemble

MO/MD

Average 276.737 -5.67877066 9 105 -5.67600324 9 105

RMSD 7.058 7.058

FMO/MDa

Average 276.651 -5.67877335 9 105 -5.67600681 9 105

RMSD 7.090 7.091

FMO/MDb

Average 276.637 -5.67877344 9 105 -5.67600704 9 105

RMSD 7.092 7.105

Hydrated tetraglycine at time step of 0.2 fs in the NTV ensemble (315K)

FMO/MDa

Average 281.536 -5.67695274 9 105 -5.67413738 9 105 313.891

RMSD 8.107 9.028 4.190 9.036

(ALA)10 at time step of 0.2 fs in the NVE ensemble

MO/MD

Average 49.198 -3.11678589 9 105 -3.11629391 9 105

RMSD 5.706 5.715

FMO/MDa

Average 48.984 -3.11672215 9 105 -3.11623232 9 105

RMSD 6.029 6.039

FMO/MDb

Average 48.979 -3.11672195 9 105 -3.11623216 9 105

RMSD 6.046 6.117
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such a short MD simulation. The plot of the total energy

against the time in the MD simulation is also another way

of checking the energy conservation. In Fig. 3a, one can

see that the total energies in the FMO2/MD simulation with

the analytic gradients are conserved, while those with the

incomplete gradients fluctuate. The preliminary MD sim-

ulation of 593 fs (see Table 3) is close to 315 K, meaning

that the NVT MD simulations are properly conducted.

Figure 4a shows the radial distribution functions (RDF)

against the O–O distances of the water molecules in the

structures of hydrated tetraglycine optimized at the FMO2-

RHF/EFP1/cc-pVDZ level versus those obtained in the

NVT MD simulation of 593 fs for the time step of 0.2 fs.

The fluctuations of O–O distances are larger for the latter,

as one can easily expect, and the FMO2/EFP1-MD simu-

lations properly describe the fluctuation of the water mol-

ecules. For the MD simulations, the peak in the first

solvation shell reasonably corresponds to the typical O–O

distance in water at 315 K, while the O–O distance opti-

mized in the FMO method is somewhat shorter. Figure 4b

plots the RDFs between the oxygen atoms of the COO-

group and oxygen atoms of the water molecules obtained at

the same levels of theory as in Fig. 4a. For the RDF

obtained in the MD simulation, the peak in the first sol-

vation shell also shifts to the larger O–O distance compared

with that for the FMO2 geometry optimization. In addition,

for the latter, there is a vacancy between the first shell and

the second shell, while for the former, the water molecules

can be found there because of the fluctuation and the sec-

ond shell shifts to the larger O–O distances.

4.3 Alanine decamer

The FMO/MCP method can applied to systems containing

heavy metals such as transition metals, for which the

relativistic effects are significant. Another use of the

Fig. 3 Plots of the total energies against the time in the short FMO/

MD simulations with the NVE ensemble: a for the zwitterionic

tetraglycine in the water layer of 6.0 Å for the time step of 0.1 fs and

b (ALA)10 at the time step of 0.2 fs. Solid line is used for the analytic

energy gradient. Dashed line is used for the incompletely analytic

energy gradient

Fig. 4 Radial distribution functions of a O–O distances in the EFP

water molecules of hydrated tetraglycine and b distances between

oxygens of the COO- group and of the EFP water molecules of

hydrated tetraglycine. Diamond markers show the data for the

structure optimized at the FMO-RHF/EFP/cc-pVDZ level. Square
markers show the data for the time-averaged structures in the MD

simulation of 592 fs

Page 12 of 15 Theor Chem Acc (2012) 131:1136

123



FMO/MCP method is to reduce the basis set superposition

errors (BSSE) [88], because the core orbitals, which is one

of main causes of BSSE, are replaced by the potentials. The

a-helix conformer of (ALA)10 has several hydrogen bonds,

so it is a good test system for the FMO2/MCP method. The

intramolecular hydrogen bonds hold together the structures

of polypeptides, proteins, and DNA.

In Fig. 2c, the slope of 2.1 in the FMO2/MD simulations

shows that the FMO2/MD simulations at short time steps

are accurate even with the one residue per fragment parti-

tion, and the slope is in good agreement with the conven-

tional MO-MD simulations. Another energy conservation

test in Fig. 3b shows that the total energy is well conserved

for this system, when the analytic energy gradient is used in

simulations. So far (ALA)10 appears to be the largest system

fragmented across covalent bonds as treated in the FMO2/

MD simulations, and the applications to larger systems such

as proteins and DNA are now possible.

We measured the total wall clock times for the FMO2/

MCP and MO/MCP MD simulations of 50 fs at the time

step of 0.2 fs using the Soroban cluster: 192 cores of Xeon

and compared them and the number of GDDI groups was

set to 5 for the former [100]. The total wall clock times for

the former and the latter were 3763.9 min and 3721.7 min,

respectively. The latter calculation is faster, because the

system is too small to treat in the FMO method and the MO

method in GAMESS is well parallelized. The computation

time in the FMO gradient calculation is discussed in Ref.

[26], which directly affects that in the MD simulation. It is

concluded that FMO/MD is preferable for large systems

with many fragments.

5 Conclusions

The analytic two-body FMO2/EFP1 and FMO2/MCP

energy gradients have been successfully derived and

implemented in this study. The results of FMO2/MD simu-

lations using these gradients are in good agreement with

those of the corresponding conventional MO-MD simula-

tions. Our study has demonstrated that FMO2/MD can be

performed for systems with covalently connected fragments,

which very considerably expands its application field pre-

viously limited to molecular clusters.

By verifying the accuracy in MD simulations, we have

been able to use an efficient partition of one residue per

fragment, while earlier studies [51] suggested that even

larger partitions of two residues per fragment do not have

sufficient accuracy. It is clear that the ability to perform

molecular dynamics using FMO will largely extend its

usefulness, for instance, to evaluate the entropic contribu-

tion in the protein-ligand binding, so far often neglected in

the applications of FMO or evaluated using force fields.
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